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da’T 1 dAc\ dT h dAs) _

dx? + (Ac dx ) dx (kAc dx (T-Tx)=0

The general equation simplified to

dT  hP
@_k_AC(T_Tw)_O ............ (1)

To simplify the form of this equation, we transform the dependent variable by
defining an excess temperature 6 as

0(x) =T(x) —Tw ceoereerenn (2)
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FIGURE 2.15 Straight fins of uniform cross section. (a) Rectangular fin. (b)
Pin fin.

Therefore

d?T  d?6

dx2  dx?

hP 2

Let, =m
kA,

So equation (1) simplified to:

dz_e_ngzo ........ (3)

dx?

Equation (3) is a linear, homogeneous, second-order differential equation
with constant coefficients. Its general solution is of the form

O(x) = Ce™™ + Ce™ ... 4)
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To evaluate the constants C; and C, of Equation (4), it is necessary to
specify appropriate boundary conditions.

Baundary condition: at x = 0 T(x) = T}, subtitute in equation (2)

0(0) =0, =Ty —To eeeererrenenn (5)

Second baundary condition at x = L there is four cases:

Case A: very long fin and the temperature of the tip of the fin approach
the environmental temperature.

Boundary condition 1: Atx = 0,0(0) =0, =T, — Ty

Substitute in equation (4) gives:

Boundary condition 2: at x = oo T(x) = T, substitute in equation (2)
gives:

6 = 0 subtitute in equation (4) gives:
O = Cle_oo + Czeoo

So, C, = 0, subtitute in equation (6) gives:

Substitute C; and C, in equation (4) gives:

0(x) =0 e ™

_ .......... (7) ( Temperature distribution)

To find the heat loss from the fin:

aT
q=—kAc— (8)
Atx =0, = (T, = T)(-me”)

Substitute in (8)
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Case B: The assumption that the convective heat loss from the fin tip is
negligible, in which case the tip may be treated as adiabatic and :

_ae

d
Atx=L %L =0=
dx dx

0(x) = Cie ™ 4 C,e™*

de
dx

Cie ™ = C,e™t
C]_ == Czesz
Atx=0,9b =Cl+C2

0, = C; + C, = C,e*™ + C,

Op
CZ "~ 1+e2ml
C _ eb(eZmL)
L™ q14e2mL
Op
€ = 1+e-2mL

Substitute C; and C, in

B(x) — Op -mx Op mx
1+e—2mL 1+e2mL

0(x) _ e~ mx emx

0p T 1+e~2mL | 14e2ml

Q(x) e—mermL emx

Oy " 14e2mL 14e2mL

1
0(x) _ e~Mxg2mliemx —or

ES
2mL 1
Op 1+e omL

6(x) e~mx pmL ,mx o—mL eML=X) 4 o—m(L—x)

gb e—mLyomL emLo—mL

Where:
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) eX—e™*
sinhx =
2
eX+e™*
coshx =
2
eX—e™X
tanhx =
eX+e X

To find the heat loss from the fin:

ar
q=—kde32
ae
G =~k

Q _ Hb(—m) sinhm(L—-x)

dx coshmL
Atx =0,
de
— = —0, mtanhmlL
dx

qr = k Ac m 6, tanhmL

Case C: finite length with heat convection from the fin tip.

Oy dead elial o

considers convection heat transfer from the fin tip. Applying an energy
balance to a control surface about this tip (Figure 2.16), we obtain

HEAT TRANSFER

62



Dr. Tadahmun Ahmed Yassen Oy daal et o

Fluld, 7__
Jeom
T, rd
[ N i
q.'.'-‘ — "?,r —_— _'tqf%' X-T I I—F’ h.-'!l.l ﬂi‘l’ = TMJ
0 11
ﬂ.':'
C
=]
0
0 L

A

FIGURE 2.16 Conduction and convection in a fin of uniform cross section.

That is, the rate at which energy is transferred to the fluid by convection
from the tip must equal the rate at which energy reaches the tip by
conduction through the fin.

0(x) = Cie ™ + C,e™

At x=0

0, =C,+C, ... (13)
Atx =

cond = Yconv

kA, L = hA (T(L) - T,)

dx
—kA.(—mCie™™ + mCye™) = hA.(Cre ™ + C,e™b)
Cre™™ — Cpe™ = - (Ce™™ + Ce™) .. (14)
From equations (13) and (14) solve to find C; and C,

Cl (e—mL _%e—mL) — CZ (LemL + emL)

km
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h
(_emL+emL)
km

Er=n (15)

km

C; = C;

Sub. Equation (15) in equation (13):

6, = C, ")

b — ~2 (e—mL_%e—mL) 2
— Op

CZ R (%emL_FemL)

L (kmemL+emL)

et (e—mL_Le—mL) =Z

km
Therefore:
Op

C, =%

2 14z
C — HbZ

1 1+z

Sub. C; & C, in equation (4)

_ 0z _mx Op _mx
e(x) - 1+Ze + 1+Ze

O0(x)  ze MX4e™X

O 1+z
h
(meml:emL) e~ MX 4 gMmX
Q(X) _ (e—mL_me—‘mL)
Op . (%eml%eml')

(e—mL_%e—mL)

(%emL_,_emL)e—mx_l_emx(e—mL_kLe—mL)

m
0(x) (e—mL_%e—mL)
6p o (%emL_l_emL)_l_(e—mL_%e—mL)
(e—mL_%e—mL)

9(x) _ (%em(L—x)+em(L—x))+(e—m(L—x)_%e—m(L—x))

Op (LemL+emL)+(e—mL_Le—mL)
km km
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h - - - - - -
0(x) _ m(em(L x) _g—m(L x))+em(L x) 4o ~M(L—Xx)

1

2
0 Lyp-mLy M (omL_,-—mL 1
m - _ —p— st

b eMbte + km(e e ) >

p (eME=D_emmU=X))  m(L-x)o~m(L-)

0(X) _ km 2 2
0y emL_,_e—mLi h (eML_e—mL)
2 "km 2

The final solution:

Heat transfer:

............. (17) (heat transfer)

Example:

A very long rod 5 mm in diameter has one end maintained at 100°C. The surface of
the rod is exposed to ambient air at 25°C with a convection heat transfer coefficient of
100 W/m® K.

Determine the heat loss from along rods constructed from pure copper, 2024
aluminum alloy, and type AISI 316 stainless steel.

Solution: go to tables in the book to get the thermal conductivity of the maintioned
material of the rods.

Air

N ,/’/
1 = 100°C /1;;25(:
|

) h= 100 W/m*K
= § ¢

l—ﬁr, L—eoa, [}=5mm

) 2

Assumptions:
1. Steady-state conditions.

2. One-dimensional conduction along the rod.
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3. Constant properties.

4. Negligible radiation exchange with surroundings.
5. Uniform heat transfer coefficient.

6. Infinitely long rod.

qg-= VhPKAS,

Hence for copper,

qr= |:10C' W/m? - K X 7 X 0.005 m

1/2
X 398 W/m - K X g (0.005 m]z] (100 — 25)°C

=83W <

Similarly, for the aluminum alloy and stainless steel, respectively, the heat rates

are gy = 5.6 Wand 1.6 W.

Fin Efficiency:

The temperature of a fin drops along the fin, and thus the heat transfer from the fin
will be less because of the decreasing temperature difference toward the fin tip. To
account for the effect of this decrease in temperature on heat transfer, we define fin
efficiency as,

actual heat transferred
heat that would be transferred s
if entire fin area were
at base temperature

Fin efficiency =

Case A: Very long fin

JRPKAO, 1 |kA.

Nf = Thrre, L hp
hP
m? =—
KA,
Therefore:
1
N = me
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Case B: fin with insulated tip.

__ hPkA:0ptanh mL
M = hPLO,,
_ tanh mL
() —
hP h(2W+2t
mL = |22 = /QL
kA, kwt
cre. P=2w+2¢1
A =wr

W : is the depth of the fin, m.
t : 1s the thickness of the fin, m.

Now if the fin is sufficient deep, i.e the depth w large compare with ¢,
therefore:

W >t
mL = |22
kt
2h VL
3
mL = |22
ktL
3
mL = |22
kA,
Where:

A, = Lt , Profile area.
Case C: finite length with heat convection from the tip of the fin.

This case can be replaced with Case B if we replaced the length by the corrected
length.
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Corrected fin length: L.=L+

t
L.=L+ 5 forrectangular fin

L.=L+

N Rw)

for cylindrical fin

The error that results from this approximation will be less than 8 percent when
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Figure 2.17: Efficiencies of straight rectangular and triangular fins.
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Figure 2.18: Efficiencies of circumferential fins of rectangular profile.

EXAMPLE

An aluminum fin [k =200 W/m = °C] 3.0 mm thick and 7.5 cm long
protrudes from a wall, as in Figure below. The base is maintained at
300°C, and the ambient temperature is 50°C with A=10 W/m2 = °C.
Calculate the heat loss from the fin per unit depth of material.

solution:

L.=L+ % for rectangular fin
, hP ’h(zw+2t)

m = _— = _—
kKA. kWt

W >t

P=2w+ 2t
A=w

1
_fr_ [ @ao 7/2_
m= k= [(200)(3*10-3)] = 5774

The heat transfer from insulated tip fin :

qr = \/WAC 0, tanhmlL,

For a I m depth

A, = (1)(B*1073) =3 %1073 m?

qr = (5.774)(200)( 3 * 107*)(300 — 50) tanh[(5.774)(0.0765)]
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